Symmetries in Physics
M1 ICFP TD 7

Problem 1 The Heisenberg group

1. Consider the set H of 3 x 3 matrices defined by

1
M(a,b,c)=1{ 0 , a,b,c € R. (1)
0

O = Q
= S0

a) Show that # is a Lie group under matrix multiplication.
b) Give an explicit basis of the corresponding Lie algebra .

c¢) Show that b is spanned by three operators (L, L, L3) obeying the following
commutation relations

(L1, L] = L3 [L1, Ls] = [Lo, L3] =0 (2)

d) A Lie algebra endowed with this structure is known as an Heisenberg algebra.
Show that in quantum mechanics the operators (Z,p,ih) span a Heisenberg
algebra. What about (a,a',1), where a and a' are bosonic creation and
annihilation operators?

2. Consider now a general Heisenberg algebra spanned by three operators (L1, Lo, L3)
obeying the commutation relations (2).

a) For any A € C, calculate e’M1L,e *1. What relation do we recover in the
case of the operators z and p?

3. Glauber’s relation. We want here to relate e*te’? and el1*12. For this, let us
introduce F(A) defined by

F(\) = e MaeMe eV Ls /2, (3)

a) Using the result of 2, show that F'(\) = (L; + Lo) F()).

b) Solve this differential equation and deduce Glauber’s relation

eligle — olitlz [l1,L2]/2 (4)

Solution to Problem 1:

1. a) We first check the group property:

1 a c 1 d ¢ 1 a+a +c+ab
M(a,bye)- M@, b, )=[0 1 o]-{lo 1 v|=[0o 1 Wb
0 0 1 0 0 1 0 0 1
=M(a+ad,b+0,c+ +ab). (5)
We see that M (0,0,0) acts as neutral element and
M(a,b,c)™' = M(—a,—b,ab— c). (6)

Furthermore, the elements are smoothly parametrized by three real parame-
ters, hence, (H,-) is a Lie group.
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b) We can write M(a,0,0) as M(a,0,0) = Id + aL;, where

010
Li=(0 o0 o0]. (7)
00 0

Hence, L; is in the tangent space of H and part of the Lie algebra. It is
easy to see that the matrices L; are nilpotent and thus Id + al; = e®*1. It
would suffice to expand the exponential for small a but here it holds generally.
Similarly, we identify the tangent vectors

00 0 00 1
Ly={00 1], Ly=[00 0 (8)
00 0 00 0

c¢) Direct verification confirms the commutation relations (2).

d) We know that [#,p] = ih and [a,a'] = 1. Since the commutator is in both
cases proportional to the identity operator, the operators commute with their
commutator and yield a Heisenberg algebra.

2. Defining f(\) = e*1 Lye F1, we find that
f/()\) — 6)\L1 [Lh LQ]e—)\Iq
= L37 (9)

where we used that L; and L, commute with L3; see Eq. (2). Integrating this
equation yields f(A\) — f(0) = ALz, where f(0) = Lo and therefore

f(A) = Ly + ALs. (10)
In the case of * and p, we find that translations of & are generated by p and
vice-versa. Choosing, e.g., A = iq/h, we find
e P/hge=iab/h — 5 _ g (11)
We can interpret the translations with complex exponent as elements of the real
Lie group that is generated when the generators are multiplied by the imaginary
unit 4.
3. We find
a)
F’()\) _ Lle)\L1€/\L267/\2L3/2 + Mo L26AL267)\2L3/2 _ A ML L367A2L3/2'
(12)
We rewrite Eq. (10) as e’ Ly = (Ly + AL3)e* and insert it above to obtain
F’()\) _ LleALle)\Lge—)\QLgﬂ
4 (Lo + /\Lg)e,\Lle,\L2e—,\2L3/2
— A Mg e Ls /2 (13)
Moreover, L3 commutes with both L; and Lo, leading to
F'(A) = (L1 + L) F(N). (14)
The initial condition is F'(0) = Id.
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b) We obtain a differential equation of exponential type that is solved by the
ansatz

F()\) = ellatl2A (15)

This implies

2
e(L1+L2))\ — 6)\L1€>\L26 A L3/2' (].6)

Using A = 1 and L3 = [Ly, Lo] yields Glauber’s relation

elrele = elitlzgllyLal/2, (17)

Problem 2 The symplectic group Sp,,,(R)

Consider a quantum system of n modes or particles with 2n phase space observables

~

’f‘:(ajla"'a':%naﬁl?"'vﬁn)T‘ (18)
These operators satisfy the canonical commutation relations

(24, p1] = Mk (19)

1. Find the 2n x 2n matrix J that describes the commutation relations in the compact
form

Show that J defines a non-degenerate, skew-symmetric bilinear form on R*".

2. Transformations of the phase-space observables are described by the action of real
2n X 2n matrices S as

P = SP. (21)

Canonical transformations are those that conserve the commutation relations.
Show that canonical transformations form a Lie group. This group is known
as the symplectic group Sp,,(R). Show that symplectic matrices can be written

szz(é g), (22)

where A, B, C, D are real n X n matrices satisfying
AB" — BAT =0,
cD* - DCT =0, (23)
AD" — BCT =1,
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3. Consider a Hamiltonian of second order in the phase space observables, written as

1, 1 o
5’1“ HTZE;HHT]J'Z, (24)

H =

where the Hy, form a real symmetric 2n x2n matrix H of coefficients. The evolution
of phase space observables is described in the Heisenberg picture by

,'g(t) — eiI:It/h,f,efiI:It/h. (25)

Show that this transformation is canonical and find the symplectic matrix Sy that
satisfies

#(t) = Sy (26)

4. Find the Lie algebra sp,,(R). Show that JH € sp,, (R).

5. Find a block decomposition of L € sp,,(R), in analogy to (22). What is the
dimension of Sp,,,(R)?

Solution to Problem 2:

1. We can easily verify that the matrix J is given by

0, 1,
J = <_1n On> , (27)
where 0,, and 1,, are the n-dimensional zero and identity matrices, respectively.

This 2n x 2n matrix defines a bilinear form on R?" as
w(v, w) = v’ Jw. (28)

Recall that non-degenerate means w(v, w) = 0 for all w implies v = 0. This is
true if and only if det(J) # 0. We see that JZJ = 1,,. Tt follows that

1 = det(JJ') = det(J)?, (29)

hence, J (and w) is non-degenerate. We can also see directly that det(J) =
1 by bringing it to the form diag(1,,—1,) with n transpositions of rows. The
transpositions give a factor (—1)" and the determinant of the diagonal matrix is
also (—1)", leading to det(J) = (—1)*" = 1.

Moreover, we find that J7 = —J and

w(w,v) =w’ Jv =v" JTw = —v' Jw = —w(v,w), (30)

so w is skew-symmetric (since J is). A vector space equipped with a non-degenerate,
skew-symmetric bilinear form is called a symplectic space.
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2. We check the commutation relations after the transformation S has been applied:
Wc» TA;] = [Z Skplp; Z SigTq)
p q
= Z SkpSiq|Fp, ol

Pq

=ih> " SipSig g

pq

= ih(SJTST ). (31)
The commutation relations are preserved by S if and only if
SJST = J. (32)
Canonical transformations thus belong to the set
Spy,(R) = {S € My, (R) | SJST = J}, (33)

also known as symplectic matrices.

Let us show that Sp,,(R) indeed forms a group. It follows immediately that the
identity matrix 1, € Sp,,(R) and that the product of two symplectic matrices
is again symplectic. It only remains to be shown that each symplectic matrix is
invertible and that the inverse is again symplectic. To see this, we multiply (32)
from the right by J7, leading to

SISTJT = 1,,. (34)
It follows that
St =JsT T, (35)

hence, every symplectic matrix is invertible. To see that S~! is also symplectic,
consider

-1 —IN\NT __ T 7T T\—1 __
S (ST = JST JT STy = . (36)
JSTJT (ST)-1 lopn

Hence, Sp,,(R) is a matrix group.

By writing S as in Eq. (22), we obtain
A B\ [0, 1,\[AT C*
T n n
SIS = <C D) (—1n on) (BT DT>
(A B\ (BT DT
~\C D) \-AT T
B <ABT — BAT ADT — BC’T>

CBT — DAT CDT — DOT (37)

The symplectic condition (32) now implies (23). These constraints allow for a
total of 2n* + n real parameters that continuously parametrize this group (as we
will see explicitly below).

Since matrix multiplication and inverse are smooth functions (they can be ex-
pressed in terms of polynomials of the matrix elements), Sp,,(R) is a Lie group.
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3. Let us first note that the commutation relations are conserved by any unitary
transformation of the phase-space observables: For 7 = U 7,U, we obtain

A~ A

7, 7] = [0, U7, U]

= [fja 'fk:]v (38)

since [r';, ;] is proportional to the identity operator for all j and k.

Now, we consider the Heisenberg equation of motion for 7;(¢) and we obtain (omit-
ting the time argument)!

0. _i

ot T h

1
= o= > Hylivdy, 7]
2h m

[[:I’fj]

? e
=5 E Hy (Pt — 7577 —TRly7 + TRT57)
kl

-~
=0

= % ZHkl(rk[Thrj] + [Tk,T’j]Tl)
kl
1 . R
= —5 Z Hkl<<]ljrk + Jk-jTl)

kl
=" JHu, (39)
kl

where we used that [r(t),7;(t)] = Ji; for all ¢ because of (38). In the last step we
used that H is symmetric and J is skew-symmetric. We obtain

a. .
pride JHT. (40)

This equation is solved by 7(t) = Sy7(0) with #(0) = # and
Sy = e’Ht, (41)

From the previous exercise we conclude that this must indeed correspond to a sym-
plectic matrix since we have a linear combination of the form (21) that conserves
the commutator relations.

4. To find the Lie algebra, we consider a smooth path in the Lie group, parametrized
by t and starting from the identity. We then expand

S =1y, +tL+ O(t?), (42)
where L € sp,,, (R). We obtain

SJST = J+t(LJ+ JLY) + O(t?), (43)

Note that et fle=ift — implies >, Hufets = Y5 Hifr(6)7(t) for all t.
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and thus the condition (32) requires that LJ + JLT = 0,. We thus find
5Py, (R) = {L € Mo, (R) | LJ + JL' = 0y,}. (44)

One can check explicitly that the exponential of such a matrix yields a symplectic
matrix, but it is sufficient to verify this in the vicinity of the identity as we did
above.

We saw in the previous exercise that e/t yields a symplectic matrix, so JH €

5Py, (R). We can verify the defining property explicitly: Inserting L = JH and
using the symmetry of H yields JHJ + JHJ' = JHJ — JHJ = 0.

. By writing
A B
L= (C D), (45)
we obtain
A B 0, 1,
(e o) (5 )
-B A
-(75 &) (46)
and

o A (a7)

The condition LJ + JL* = 0y, then implies

B =BT
c=cr (48)
D=—-A".

We now use this to determine the dimension of the tangent space, i.e., the Lie
algebra (which equals the dimension of the manifold, i.e., the Lie group). Note
that we can independently choose two real n x n symmetric matrices B and C'
(with n(n + 1)/2 free parameters each), and an arbitrary matrix A (with n? free
parameters). This yields a total of

dim sp,,(R) = dim Sp,,,(R) = 2n* + n (49)

parameters.



